Abstract. We introduce a new invariant Kähler metric on relatively compact domains in a complex manifold, which is the Bergman metric of the L 2 space of holomorphic sections of the pluricanonical bundle equipped with the Hermitian metric introduced by Narasimhan-Simha.
1. Introduction. It is well-known that for a bounded domain in C n , there are three canonical invariant metrics, i.e., the Carathéodory, Bergman and Kobayashi metrics (for their definitions and basic properties, see [6] ). Moreover, if the domain is pseudoconvex, then there exists a complete invariant Kähler-Einstein metric (cf. [1] , [10] ). For a relatively compact domain in a complex manifold, these metrics might be degenerate (consider C n and its compactification P n+1 ). It is also known that the canonical line bundle is closely related to the Bergman and Kähler-Einstein metrics.
In this paper, we introduce an invariant Kähler metric on complex manifolds with positive canonical bundle, which is in fact the Bergman metric with respect to a certain weighted Bergman space. Generally, the Bergman metric with respect to a weighted Bergman space is not invariant under the group of holomorphic transformations. Here we use a special weight originally contained in the work of Narasimhan-Simha [11] . Equipped with this weight, the associated Bergman metric turns out to be invariant.
We focus on the special case of relatively compact domains in complex manifolds. We give a localization principle for the new invariant metric on locally pseudoconvex domains in complex manifolds with positive canonical bundle; consequently, one can reduce the study to the case of bounded domains of holomorphy in C n . We also give a characterization for the exis- 
Consider a volume form τ m on M defined by
Clearly 1/τ m is a non-negative Hermitian metric on K M if τ m is not identically zero. This metric was introduced by Narasimhan-Simha [11] in order to study the moduli space of compact complex manifolds with ample canonical bundle (for recent applications in complex geometry see Tsuji [14] ).
Lemma 2.1. The form τ m is invariant under biholomorphic mappings.
Proof. Let f : M → N be a biholomorphic mapping. For any s ∈ Γ (N, mK N ), we have f * s m = s m by the transformation formula for integrals. Given p ∈ M , take a sequence {s k } in Γ (N, mK N ) such that s k m = 1 and
The opposite inequality can be obtained similarly.
Lemma 2.2. Let M and M ′ be complex manifolds of complex dimensions n and n ′ respectively. Then
Fubini's theorem implies
On the other hand, for any
Since S is arbitrary, the proof is complete.
Suppose now τ m is nowhere vanishing. For any integer k ≥ 1, one can define an inner product of Γ (M, kK M ) as follows: 
Clearly, B M is independent of the choice of the basis. Lemma 2.3. B M is invariant under biholomorphic mappings.
where the supremum is taken over all s ∈ H 2 τ m (N, kK N ) with s τ m = 1. The assertion follows by a similar argument to that for Lemma 2.1.
By Lemma 2.2 and a similar argument, we obtain the following product property.
Lemma 2.4.
is very ample if the following conditions are satisfied:
where B * M (z) is a locally defined function. If B * M is nowhere vanishing, we can define a Hermitian form
Clearly, ds 2 M is independent of the choice of the coordinate system, hence is globally defined.
is very ample, then ds 2 M defines a Kähler metric which is invariant under biholomorphic mappings.
Proof. Given any p ∈ M and a holomorphic vector v at p, take a complete orthonormal basis s j , j = 1, 2, . . . , such that
where
showing the Hermitian positivity of ds 2 M . By Lemma 2.3, one has
where J f is the Jacobian determinant of a biholomorphic mapping f : M → N, and consequently, f * ds 2 N = ds 2 M . Lemmas 2.2 and 2.4 imply the following
Let M be a complex manifold and Ω a relatively compact domain in M . Suppose that K M is ample on some neighborhood U of Ω, i.e., there is an integer m 0 such that Γ (U, m 0 K M ) separates points in U and gives a local coordinate system at each point of U . Clearly ds 2 Ω exists on Ω for any m, k. In particular, it exists on relatively compact domains in a Stein manifold.
Remark 2.8. Kobayashi's celebrated criterion for completeness of the standard Bergman metric is still valid for this new invariant metric; the proof is exactly the same as in [8] .
Recall that a domain Ω in a complex manifold M is called locally pseudoconvex if for every p ∈ ∂Ω, there is a coordinate polydisc ∆ n around p such that Ω ∩ ∆ n is pseudoconvex in the usual sense. We have the following Bremermann Type Theorem. Let M be a complex manifold and Ω a relatively compact domain in M . Suppose ds 2 Ω is a complete Kähler metric on Ω for some m, k. Then Ω is locally pseudoconvex.
Proof. Since the result is local, we may assume M = C n . If Ω is not pseudoconvex, then there exists a point p ∈ ∂Ω and a neighborhood U of p such that every holomorphic function on Ω extends to Ω ∪ U . By the definition of τ m , τ * m extends to a positive continuous function on Ω ∩ U , where
is identical with the Hilbert space of holomorphic functions on Ω which are square-integrable with the weight k log τ * m , the related Bergman kernel extends to a positive real-analytic function on Ω ∪ U , showing ds 2 Ω cannot be complete at p, a contradiction.
An immediate application is the following
Siegel Type Theorem. Let M be a complex manifold and Ω a relatively compact domain in M such that ds 2 Ω exists for some m, k. If there exists a properly discontinuous group Γ of holomorphic transformations of Ω such that Ω/Γ is compact, then Ω is locally pseudoconvex.
Proof. The invariant metric ds 2 Ω descends to a Kähler metric on the compact manifold Ω/Γ , which forces it to be complete on Ω. The above theorem applies.
Remark 2.9. Lárusson [9] has constructed a class of relatively compact domains in P n which have compact quotients, but are not locally pseudoconvex.
3. Localization principle. In this section, we give a couple of localization principles.
Theorem 3.1. Let M be an n-dimensional complex manifold and Ω a relatively compact, locally pseudoconvex domain in M . Suppose that K M is ample on some neighborhood U of Ω. Then for sufficiently large m, k one has, for every p ∈ ∂Ω,
on Ω ∩ ∆ n 1/2 . Here ∆ n , ∆ n 1/2 denote coordinate polydiscs with center p and radius 1 and 1/2 respectively, and C 1 , C 2 are positive constants.
Proof. Fix a Kähler metric ω on Ω (e.g., ω is generated by Γ (U, m 0 K M )).
Since Ω is locally pseudoconvex, there is a constant C 3 > 0 such that − log δ Ω + C 3 ω is positive in the sense of currents, according to a theorem of Elencwajg [5] . Here δ Ω denotes the boundary distance with respect to ω. By a smooth regularization of − log δ Ω , there exists a smooth exhaustion function ψ on Ω such that ψ − log ψ + C 4 ω gives a complete Kähler metric on Ω for sufficiently large
where s j = s * j (dz 1 ∧· · ·∧dz n ) ⊗m 0 on ∆ n and C 5 is a constant independent of z 0 . Clearly, τ m 0 ≥ Cω and its curvature Θ τ m 0 > 0 (it is not known whether (Ω ∩ ∆ n , (m 1 + 1)K ∆ n ), we can solve ∂u = s⊗∂χ(|z|) by the standard L 2 -theory on complete Kähler manifolds (compare [2] , [13] ) together with the estimate
Since ϕ is bounded above by a constant, we conclude that
and S * (z 0 ) = s * (z 0 ), (∂S * /∂z j )(z 0 ) = (∂s * /∂z j )(z 0 ) for j = 1, . . . , n, where S * , s * are local representations of S, s. Thus the assertion follows.
Question. Is ds 2 Ω complete under the hypothesis of Theorem 3.1? Next we give a localization principle for holomorphic fiber bundles. Theorem 3.2. Let π : M → B be a holomorphic fiber bundle such that the base B is a compact complex manifold with ample canonical bundle and the typical fiber F is a bounded pseudoconvex domain in C n . Then for sufficiently large m, k one has, for every p ∈ B and a coordinate polydisc ∆ l at p,
Observe that M carries a complete Kähler metric: as F is a bounded domain of holomorphy, it admits a complete Kähler-Einstein metric ω F which is invariant under the group of holomorphic transformations of F ; one simply chooses the complete metric to be ω (i) There exists a smooth, strictly plurisubharmonic exhaustion function ψ on Ω such that C 1 log 1/δ Ω ≤ ψ ≤ C 2 log 1/δ Ω and ∂∂ψ ≥ C 3 ω, where ω is a fixed Hermitian metric on M and δ Ω denotes the distance to ∂Ω with respect to ω. (ii) There is a number α > 0 such that
Then ds 2
Ω exists on Ω for sufficiently large m, k. Theorem 4.1 will be proved by a number of lemmas.
where O(Ω) is the sheaf of holomorphic functions on Ω. Then for sufficiently large a, O 2 a (Ω) separates points and gives local coordinate systems in Ω. Furthermore, there exist positive numbers a 1 , C such that
Proof. By compactness of Ω, for every p ∈ Ω we have a coordinate polydisc ∆ n around p such that ω is equivalent to the Euclidean metric on ∆ n with the implicit constants independent of p. By hypothesis (i), we have ∂∂(Cψ + 2(n + 1)χ(|z|) log |z|) + Ricci(ω) > ω
for sufficiently large C. Equipping the anti-canonical bundle K
and applying the L 2 -existence theorem [4] for K ⊗(−1) M -valued (n, 1)-forms with respect to not necessarily complete metrics in a similar way as above, we conclude that those f in O(Ω) satisfying Ω |f | 2 e −Cψ dV ω < ∞ separate points and give local coordinate systems in Ω. The first assertion follows immediately from ψ ≍ log 1/δ Ω . To show the second assertion, we see that the above argument in fact gives a localization principle for the Bergman kernel of the Hilbert space of holomorphic functions on Ω which are square-integrable with weight Cψ, thus one can reduce to the case of bounded pseudoconvex domains in C n . On the other hand, Demailly's theorem [3] implies that this Bergman kernel always dominates e Cψ . This completes the proof.
Proof. Since the assertion is local, we may assume Ω is a bounded domain in C n and ω is the Euclidean metric. By the sub-mean-value principle, we have, for arbitrary p ∈ Ω,
where B(p; r) denotes the Euclidean ball with center p and radius r. We are done.
Let us fix a nowhere vanishing holomorphic section s 0 of K M . Proof. By Lemma 4.3, there is a constant C > 0 depending only on the
on Ω. By hypothesis (ii) we see that the conclusion holds when
The second assertion follows from Lemma 2.2.
Proof of Theorem 4.1. Fix m ≫ a ≫ 1 such that the conclusions of Lemmas 4.2 and 4.4 hold. By Lemma 4.4, we claim that for any f ∈ O 2 a (Ω),
Therefore, Lemma 4.2 implies the existence of ds 2 Ω . Conjecture. Hypothesis (ii) in Theorem 4.1 is not necessary. Remark 4.5. It is also interesting to consider relatively compact domains in a complex manifold whose canonical bundle is neither positive nor trivial. For instance, Nemirovskiȋ [12] has constructed a smooth Levi-flat Stein domain in the product of a compact Riemann surface and a onedimensional torus which is biholomorphically equivalent to the product of a punctured Riemann surface (remove finitely many points from the original Riemann surface) and an annulus. By Theorems 2.7 and 3.1, this domain carries an invariant metric if the genus of the Riemann surface is larger than 1.
5. Asymptotic behavior. In this section, we study the asymptotic behavior of ds 2 Ω when ∂Ω is relatively simple, namely, we consider the domain Ω = M − D where M is a compact complex manifold and D is an effective divisor with only simple normal crossings.
Theorem 5.1. Let M be a compact complex manifold with ample canonical line bundle and D an effective divisor with only simple normal crossings. Then for sufficiently large m, k, ds 2 Ω is a complete Kähler metric on Ω. Furthermore, the distance is equivalent to − log δ Ω where δ Ω is the boundary distance with respect to a Hermitian metric on M . 
